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ABSTRACT 


A general method of finding first-order wave 
equations without subsidiary conditions for integer 
spin and finite mass is described. Spin 0, 1, 2 and 
3 are examples that we use to illustrate this method. 

We also show that for interacting fields: The 
Spin one theory of Takahashi and Palmer’ leads to acausal 
propagation when minimally coupled to an electromagnetic 
field. The addition of an anomalous magnetic moment 
(Pauli term) allows one to recover causal propagation. 
InPche>casevof *Rasita-Schwingertspin 3/2"theory it is 
impossible to obtain causal propagation even when all 
possible Pauli terms are included. Coupling of a massive 
spin 1/2.and massive spin 1 fields leads to causal propa- 
gation for all nonderivative scalar, pseudo-scalar, vector, 
pseudo-vector, and the derivative coupling of vector and 
tensor types. While the derivative coupling of the scalar, 
pseudo-scalar, pseudo-vector lead always to acausal propa- 
gation. 

Finally we show that the causal Takahashi-Palmer 
field leads to the same vacuum polarization as that of 


the Proca field. 
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CHAPTER I 
INTRODUCTION 


The theory of relativistic wave equations appro- 
Drtate for ithe description .of }fields with arbitrary spin 
has proceeded along several lines of development. [In 
addition to the requirement iof relativistic invariance 
and the quantum mechanical principle of superposition 
(i.e. linearity in the states) which is shared by all 
theories, different theories define the term elementary 
field according to several postulates. 

Generally speaking, these definitions are equiva- 
lent to various combination of the following physical 
postulates: (A) the requirement of a unique rest mass; 

(B) the requirement of a unigue spin; (C) the requirement 
that. either thestotal energy ,or ithe :total charge of ;the 
field is positive definite. 

Requirements (A) and (B) follow from the postulate 
that the field shall transform under an irreducible re- 
presentation of the Poincare group specified by the mass 


(W.) 


and-3S i.e Gites) * Requirement (A) is reflected in the 


condition that the field satisfies the Klein-Gordon equa- 


een 


exon) | Cie ams ny , while (B) imposes certain conditions 


eM, Throughout this thesis we adopt the units 
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on the finite dimensional representations of the homo- 
geneous Lorentz group which are used to implement the 
representations of the Poincare group. The third re- 
quirement (C) comes from the q-number theory and is 
necessary if the field is to be quantized. It is 
related to the connection between spin and statistics. 


Postulates (B) and (C) are intimately related as shown 
fe oe. 


Among various theories are the Fierz-Pauli‘?*+), 


they satisfy all three requirements and the field equa- 
tions are of second order with supplementary conditions 
(divergence -conditions),on,the y's.in, order to. insure a 
unique spin. For spin >1l, however, these theories cannot 
be derived from a simple Lagrangian form (i.e. without 
supplementary conditions) except through rather involved 
procedures. Therefore in general, the transition from 
the free field to the interacting field by the minimal 
electromagnetic coupling does not lead to algebraically 
consistent field equations when the spin is >1l. 

Another theory which has been proposed is the 


ee aan 3/2 theory. It satisfies the 


Harish-Chandra 
requirements (A) and (C), and is a first order system 

of differential equations of the Dirac type:¢ig'a +m) v=0, 
here the introduction of minimal coupling does not lead 


to algebraic inconsistency, difficulties.since, there are 


no other conditions on the field equations. This theory, 


~iitat eit 30 ‘ise 
m9. Jammekagas cot Soupeius ate pager FNS 
~wt Pats wit squire cabo’: ala 2° pagkd i 
eb ban yidatd cen pP eng gion BONS Ee 

oi 43. \Redboisap Se ot et pipe aul’ Ti os oiled 


euiselacie Bde nige neawted ietitanae 642 \en°S - 


avoir an Sarelus Ylsoams ial ese (9) Sne 0 


; ee cena ap ait 9%8 Abimoang aut amy wan 
‘A6epo bios? Sas fn 3 eindseioninle e@aie fis on | 
3 xs Abeer YRS) HOPwlyerse Gs et 4a IO} inyasse eo eal 
eiedh oF s25n0 of 2 "ees ap (iets Boden! eee 
Tee Te, ad os aris seep sig g WOME "y Les ities, aye slau re 
sueopevdw ice.) gs Bec od ‘pal Si guia, # muy AR a "1 
Seviqvn. wathts 1) depose ageys (ago.h> shrien qindag nse | 
myx? serittanges Std. Dtorap. at PIOLO TANT. A is ‘ 
Leninga aio oe BbsLa wink im pte ‘Sid o2 igi 
viltnicrdenie Og Duis Seer. -enthighs ynit keusvinr ‘he 
ek F - nie aS: csaidw abo lend. bias) ‘ 
anid et benngaad Anas. nity Hadi ysomts ite 
oda wettepame 22- c yxoouht SE ohbge (3h meauingt 


mest bales hacia (ASF Aone (Ay! 


however, leads to what is called compound spin character 
(both spin 3/2 and spin 1/2 states appear). 
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introduced a theory which adopts the 
above linear form to avoid inconsistency of the electro- 
Magnetic interaction but rejects the first requirement 
which is found to be equivalent to rejecting all three 
requirements for spin >1, because by iterating the equa- 
tions one does not arrive at the Klein-Gordon equation 
but rather at an equation of higher order which corres- 
ponds to the fact that elementary field so defined has 
compound spin and mass. Moreover requirement (C) is not 
satisfied in the general case, so that quantization is 
not possible - except through the introduction of new pro- 
cedure, the so called quantization on indefinite metric 
in the system Hilbert soseoRuubue 
All the above theories, however, agree in the cases 
Opespins07 61/2, pyit-t) 
In this thesis we derive first order wave equations 
wienvuniqueldintegerkspingandimassebywextending *thetech- 


(Cae )) eet wax cad integer spin fields 


nique used by Capri 
to integer spin fields. The field equations are first 
order so as to avoid the algebraic inconsistency of the 
electromagnetic magnetic interaction encountered in Fierz- 
Pauli theory. This, however, imposes no restrictions on 


our theory since any system of higher-order differential 


equations can be reduced to a first order one. Hence by 
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formulating the theory in a first order system from the 
start, the subsidiary conditions are incorporated in the 
equations of motion and do not have to be specified 
separately thus leading to an algebraically consistent 
system when minimally coupled to the (e.m) field. 

An elementary state in this theory is defined as 
a state which transforms under an irreducible represen- 
tation of the Poincare group specified by the mass and 
spin (m, s) thus satisfying requirements (A) and (B). 
Requirement (C) on the other hand is satisfied on account 
of (B) so that quantization is straightforward in the 


ea We also require that the field 


free field case. 
equations be derivable from a Lagrangian so that a current 
and an energy-momentum tensor can be defined. 
: ; ! Gael 

Unlike other recent higher spin theories ; 
our formulation yields many different inequivalent 
theories for a given integer spin. The term inequivalent 
implies inequivalence under the homogeneous Lorentz group, 
however as far as the free field is concerned all these 
different theories for a given mass and spin are physical- 
ly indistinguishable because they transform under the same 
irreducible representation of the Poincare group. When 
interaction is present, on the other hand, these different 


theories might describe different physically distingui- 


shable fields depending on the nature of the interaction. 


(T) 


Throughout this work the term higher spin refers to 
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The abundance of theories for a given integer spin is 
mainly due to the general form of the homogeneous 
Lorentz group representation which we introduce. In 
particular the presence of the irreducible representation 
(kK,k) which is absent in the case of half odd integer 
spin allows more freedom for a given integer spin as 
compared with half odd integer spin representation given 
by etpeiic aie 

Our formulation of integer spin and that of Capri 
for half odd integer spin constitute a classification of 
higher spin free fields. When interaction is present, 
however, many problems arise. The second part of this 
work is mainly an investigation into the nature of these 
problems. 

It has been known for some time that fields with 
Spin greater than 1 show acausal propagation in the 
presence of interaction and in some cases the equations 
otfemotiion ceaseatotbe hyperbolic WThisAdifificulbty varises 
from the constraints inherent in the equations of motion 
and is directly connected with the properties of diffe- 
rential equations as follows: Wave propagation is 
usually associated with a hyperbolic system of partial 


ou Such systems of equations 


differential equations. 
allow an initial value problem to be posed on a class of 
surfaces called space-like with respect to the equations 


and possess solutions with wave front (or disturbance) 
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that travel along rays of finite velocities (light cones). 
That is the rays through any point from a ray cone which 
is determined entirely by the coefficient of the highest 
derivatives. When coupling for a hyperbolic system 
occurs only in lower derivatives the ray cone is the 

same in the interacting as well as the free case. Klein- 
Gordon and Dirac equations are well known examples of 
hyperbolic system and the characteristic surfaces remain 
the light cone when they are coupled through lower order 
derivatives. For spin greater than one, on the other hand, 
the free equations of motion are not hyperbolic but cons- 
titute instead a degenerate system because they imply the 
constraints. However, it can be easily shown (existence 


ha that they are equivalent 


of the Klein-Gordon devisor) 
to a system of hyperbolic equations which describe the 

wave propagation supplemented by constraints which are 
conserved in time. If low or nonderivative coupling terms 
are added to the free higher spin Lagrangian the resulting 
equations of motion may or may not remain equivalent to a 
hyperbolic system depending on the nature of the interac- 
tion. Even when the system remains hyperbolic the propa- 
gation velocity may exceed the velocity of light. While 

in other cases the system may lose hyperbolicity; this 
makes it unsuitable for the description of wave propaga- 
tion. The constraints may also propagate in some cases 


thus increasing the number of degrees of freedom of the 
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field. These difficulties were found by Velo and 


ee when they investigated spin 1, 2 and 
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In this work we have investigated the following 
fields: The spin 1 theory of an antisymmetric second 


Cier2) 


rank tensor given by Takahashi and Palmer the 


— theory and the Proca 


Rarita-Schwinger spin 3/2 | 
fiela:) interacting with a Dirac '4) field. The moti- 


Veacrton anda results are: as follows: 


Spin l 


Cig) 
Glee recently constructed 


Takahashi and Palmer 
a Lagrangian which yields an equation of motion for a 
divergenceless skew-symmetric second rank tensor that 
describes a massive spin one field. Although the field 
equations were known for some time, no satisfactory 
Lagrangian was known which yields the field equations 


(T <1) could 


and hence the general quantization procedure 
not be carried out. The importance of this field stems 
from-the viact that He free field equations are invariant 
under a gauge transformation of the second kind whereas 
the other known spin 1 theories are not. In fact the 


Proca field results when the gauge of this field is fixed. 


We have considered the following types of interactions: 


(T) Hereafter we refer to it' as the T.P field. 
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a) minimal coupling to an external electromagnetic source 
and b)- self coupling of *the “form aly). For a) we 
found that the field will always propagate acausally in 
contrast with the Proca field which is causal. ‘V-2) Fur- 
ther analysis of the equations indicates that this beha- 
vior is due to a different intrinsic magnetic moment. 
Therefore we repeated the calculations with an added 
arbitrary Pauli term and found that the propagation will 
always be causal if the added Pauli term has a definite 
fixed strength. This results from the fact that since all 
Spin one theories are equivalent in the free case they will 
generally only differ by Pauli terms when minimally coupled 
to the electromagnetic field. So if any spin one theory is 
causal when coupled Minimally the other theories will also 

be causal provided that we add the proper Pauli terms. 


eZ 


In b) we found that the self coupling of the form q (why ) 


UV 
will give rise to exactly the same difficulty as that of 


the Proca fie1la™:2) 


, in fact the dependence of the propa- 
gation on the field strength is exactly the same as that 


for the Proca field: 


Spin 3/2 


It has been shown 


(V.1) 


that when the Rarita-Schwinger 
Spin 3/2 field 1S coupled minimally to an external elec- 
tromagnetic field, then, no matter how weak the field is 
there will always be, in addition to the light cones, 


space-like characteristic surfaces, for which the field 
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propagates acausally. Analysis of this behavior shows 
that the nature of the difficulty lies in the intrinsic 
Magnetic dipole moment of the spin 3/2 field. This situ- 
aeron srs -analogous "to that*or *the TP ‘spin I°field’: 
Hence, it is interesting to know whether propagation can 
be made causal by adding appropriate Pauli terms. For 

if one succeeds in making the field propagate causally 

by the addition of Pauli terms (anomalous dipole moment) 
etc., then there must exist at least one spin 3/2 theory 
which is causal when minimally coupled to the electro- 
magnetic field without any Pauli terms. On the other hand 
Beep yeraadang Cire most general Paulre terms along with "the 
minimal coupling, fails to yield causal propagation then 
there exists no spin 3/2 theory which is causal when 
minimally coupled to the (e.m) field. We have calculated 
the propagation with the most general Pauli terms and 
found that there is no way of making the Rarita-Schwinger 
field causal. Hence, we conclude that there exists no 
spin 3/2 theory which is causal when minimally coupled to 
an external electromagnetic field. We repeat our argument. 
Because all spin 3/2 theories are equivalent up to Pauli 
terms when minimally coupled, and if one theory cannot be 
made causal by the most general Pauli terms then there 
exists no spin 3/2 theory which is causal when minimally 


coupled to the electromagnetic field. 
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Proca field and Dirac field 

It is physically interesting to investigate the 
propagation of spin 1 Proca field when coupled to a spin 
1/2 Dirac field, as would be the case in an intermediate 
vector boson theory of weak interactions and other 
theories when spin 1 Proca field interacts with a spin 
1/2 Dirac field. To this end we have calculated the 
characteristic surfaces for various types of coupling 
and found the following results: In direct coupling of 
scalar, pseudo-scalar, vector and pseudo-vector type all 
these couplings are causal. For the derivative coupling 
on the other hand we found that only the vector and tensor 
couplings are causal, while the scalar, pseudo-scalar and 
pseudo-vector show acausal behaviors because the charac- 
teristic surfaces in this case depend on both the fields 
strength and their derivatives. Even the most general 
combination of these interactions (i.e. taken all at 
once) fails to make the acausal ones with any combination 


of the coupling constants causal. 


Vacuum polarization 


We have indicated above, when discussing the T.P 
field, that it will propagate causally when minimally 
coupled to the (e.m) field provided a fixed dipole moment 


(tT) 


interaction is added to the minimally coupled Lagrangian ~. 


a) This is equivalent to adding a four-divergence to 


the free T.P Lagrangian as shown in a later chapter. 
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On the other hand the Proca field is causal when coupled 
minimally even when an arbitrary dipole moment inter- 


action is added to it. V-2) 


The T.P field is gauge in- 
variant while the Proca field is not. Thus the advantage 
of gauge independence restricts the T.P field to a fixed 
dipole moment while the disadvantage of noninvariance 
under a gauge transformation of the second kind allows 
the Proca field to have an arbitrary dipole moment with- 
out disturbing its propagation characteristics. It is 
interesting to see whether, the minimally coupled Proca 
field and the minimally coupled causal T.P field, will 
yield the same physical quantities or not. In the free 
case the two fields are indistinguishable, while in the 
interacting case one does not know a priori whether they 
are indistinguishable or not. An interesting and simple 
physical quantity to investigate is the vacuum polarization. 
Here we have calculated the vacuum polarization of the 
minimally coupled causal T.P field and found that it is 
identical with that of the minimally coupled Proca field. 
Thus to this extent the two interacting fields are again 


physically indistinguishable. 
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CHAPTER. Lt 


FIRST ORDER WAVE EQUATIONS FOR INTEGRAL SPIN 


Pe en eroauction 

If one desires to have a reasonable theory of 
higher spin, it is necessary to be able to describe 
interactions at least formally. The most important and 
best understood interaction is the electromagnetic. 
Wave equations with subsidiary conditions lead to consis- 
tency difficulties when minimally coupled to an electro- 
magnetic field. It is best, therefore, to avoid the sub- 
Ssidiary conditions from the start. 

First order wave equations for half-odd integer 


Spin without subsidiary conditions have been salsa, 


The method of derivation '©3-1) 


is based on finding a re- 
presentation, D, of the homogeneous Lorentz group, under 
which the field of a particle with a given mass and half- 
odd integer spin, transforms. The form of D is chosen in 
such a manner as to insure the existence of a Lagrangian 


and hence it is possible to define a current and an energy 


momentum tensor. 


(Ca.1) oe 


In this chapter we extend the method of 
the case of integer spin. We discuss the general theory 
and give the representation D of the homogeneous Lorentz 


group under which integer spin fields transform followed 


by the construction of the 8 matrices. 
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2. General Theory 


We are concerned with finding equations of the 
form 


(8 pe - my = 0 EEal 


that are form-invariant under the Lorentz transformations, 
irreducible, derivable from a Lagrangian, and whose solu- 
tions transform according to mass m spin s representations 
of the inhomogeneous Lorentz group. We shall now discuss 


each of these requirements in turns. 


(i) Form invariance of equation II.1 demands that if yp 


transforms under Lorentz transformation according to 


v(x) —eyt(x') = D(A)Y(A™ x!) 
then the g's satisfy 

D(A)~*BHD(A) = Naat came mi. 
In terms of generators this reads 

paX,me% = gl%gP — gla? Bie 
so that 

eX = [p°,Ms'?] k=1,2,3 . mi 94 


This shows that gx are defined in terms of g° and mX° 


(B.) 


Bhabha found the most general solutions of equation 


II.3 in terms of certain matrices ake, v® (k) Leet 
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(D.3) CZ) 


introduced by Dirac and further studied by Fierz. 


These matrices are useful in reducing the representation 
1, ‘ , : 
gis) ® 2) of (the rotation group into a direct sum of 


ik) 9 gfk-¥) | 


irreducible parts The similarity trans- 


formation which does this reduction is 


_a [for e+) uw? +3) 
Wc= 2 (2ker)es 1 9 
ve tk) Vik) 
and Lin > 
i _1 {lv, (k+3s) a, (k) 
Be py ee 4 1 (-1) 2k+1 
V5 (kt+%) us (kK) 


From the condition that U performs the reduction and that 


u and u-! are inverses we get 


2k+1 


a. as CE eee 
wu" (k)vg(k) = (-1) Bei ah) eS 
Jo(k)u (kK) = =1)o [kta eo. + T°. (k-%) 
B B B jen G 
u® (ks) Vv, (cts) = vO (k) a, (ik) = (2178) (kei) 


II 
=) 


u%(k+%)u_(k) = v%(k)v_ (k+%) 
Qa a 


> 
Here J, (k) is the spinor associated with the vector J; 


the generator of rotation 
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an explicit representation of bercra Sep v" (k) which satisfies 


the above conditions is 
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where r Bauetes an index which gives the number of index 
ior a spinor and (ranges from 0 .to.-2k-1,-s is ia similar 
index ranging from 0 to 2k. 

Bhabha has shown that given a representation of 
the homogeneous Lorentz group of the form 


(Ke pen) (Kap a) 
pes ee a ae ie eae 11.10 


oy The definition of the dotted spinors as well as the 
representation of the homogeneous Lorentz group are 


given in the appendix. 
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then the solutions of equation II.3 are such that the 
spinor components ge of oF are of the form 


cu (k) ® v® (4%) 


<(k, 2) | B%P | (35, £435) -> 


< (2) | 8% | (+44, 2-48) > = chev) (k+%s) 8 u® (g) 
LAG apie 
<(k;2) pF) (c= Vere) =aC u® (k) ®@ wn 
v r cit 2 2 Ss rs 
< (k,£) [87° | (k#2, 24%) > = cv (kts) @ vP (Lh) . 
Thus oc Mme Met abt he > = 0 unless k' = kt 
gQ' = 2+%. Here r,s denote two different irreducible 


representations (k,2)_, (k',2').. Hence the solutions 


are nonzero only if the representation D is such that 


rk) 


for every irreducible representation .* in D there 


also occursat least one irreducible representation 


(iv) 
a 


ducible representations are said to be linked. If the 


such that |2-2"| = |k-k'|= %. Two such irre- 


irreducible representations occurring in D can be split 
into two or more independently linked sets of representa- 
tions with no cross-linkage between the sets then the 
resultant 8's as well as equation II.1 are reducible. 
~The coefficients Ci, are complex numbers. They satisfy 


certain properties which will be discussed later. 
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(H. ) has shown that 


(ii) Unique mass: Harish-Chandra 
the necessary and sufficient conditions for equation 
II.1 to yield a representation of mass m (i.e., imply 


the Klein-Gordon equation) are that the g's satisfy 


(pup nt? eae (g¥p )” 11.12 


(U.1) have 


for some integer n. Umezawa and Visconti 
shown that n = 2q-1 where q is the highest spin contained 


in the representation under which y transforms. 


Letting p = (1,6) we get 
2071 oo 2q=1 
By mite . Pie l3 


From equation I1I.13 it follows that Be has eigenvalues 0, 
+1. The physical solutions of equation II.1 correspond 


to the +l eigenvalues. 


(iii) In order to be able to derive equation II.1 froma 
Lagrangian and to be able to define a current and energy 
momentum tensor, it is necessary to have a Hermitianizing 
Matrix n.- That is we require that there exists an n such 


that 
Roe eee Ere 4 


For this we prove the following theorem, 'C4-1) 


Theorem: If in II.2 D(A) is equivalent to a direct 


sum of self conjugate and pairs of conjugate representations, 
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and if each representation occurs with unit multiplicity, 
then there exists one and only one Hermitianizing matrix. 
Proof: Under the conditions of the theorem there 
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group. te are integers which represent the multipli- 
city of the representation (54, it*) and the conjugate 
1.e., ae, Jt), is to be determined in such a manner 
that PS satisfies the mass and spin conditions. Accord- 
ing to the theorem proved in section (iii) the above 
form of D guarantees the existence of a Hermitianizing 
matrix n. Therefore, equation II.1 is derivable from 
a Lagrangian and a current and an energy momentum tensor 
can be defined. 
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where P is the parity operator and A is a non-singular 
matrix depending on the specific representation chosen. 
Thus in one fixed representation we can get n = cP where 
Gyis'a constant. 
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CHAPTER. Dit 


EXAMPLES 


i. |) introduction 

In this chapter we apply the theory developed in 
Gnapcer IP topconstruct(explicitlysthe g matrices for 
spin 0, 1, 2 and 3. We find that there exist séveral 
theories for a given higher spin field i.e. s > 1. For 
spin zero we find the Duffin-Kemmer theory. For spin 
one we consider among many allowable theories the follow- 
amg: ~10, 14, 20 and 26 component theories. The 10 com- 
ponent theory is identical with the Duffin-Kemmer spin 1 
theory while the other three are new spin one theories 
that have not been constructed before. Among many possi- 
ble theories for spin 2, we only consider the 30 and 35 
component theories. For spin 3, only the 70 component 


theory is considered. 
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where the products inside the matrix are direct products. 


After the transformation due to Wild and omitting Ce 


we have 


Equation II.40 in this case give 


Jee 
B>(0) = B,(0) . 


This 'tsrsatrsfied “1rFr on =i, 


Schematically the components of the field belonging 
to different irreducible representations are linked by the 
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0,0 3178 


Using the results of Chapter II, the n matrix is readily 
constructed. Thus for this representation of spin zero 


the n matrix is 


us ery. 


ot. 2m | » (BO gel = 


Moho I9e17b <n xristhy ats) shigas asovbore eae 
: : wo 

a c a 

t Hole~s lo Ome. Dis 5 sh noljenretedats amaz : 

“3 ; ee . 


a 


= te . 
dachclind + deena lcudl 4 
j Porn leith Sa 
} 
ey fee es oy ae 
; 
P +> te) | z 
AF 


wie eens eitia air OF . 2%, ine eal 


u 


A Nhe. 
a eS a 


i rhe 
a ‘sve 
—i= \9 32 beiteivew oka 


o . ~*~, 
; : a : 7 : 
vacenoivd Dioit str to eindergmed wae itso as bering: ide fl 
x oe o 


as 9G Gedeil <1 uUlhGl 243 1St a 2gay aldioukexet 4 enh he: 


‘ ‘tewadiol as genlsbe 


29 


Nt SS 
where oe is a permutation matrix. 
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According to equation I1.32 spin one transforms 


under the representation: 
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c) 20-component spin theory: 


For this theory we select 


oe = nit) = 0 


2 
and 
ee? = ee = ne = ee = 1 


SOmtnate ) i:S;s 
Deere). 9 (54 5) Oo (OR LOC) ee C0 O)s.) IT ie2e 


Corresponding to this we have 


0 ee ae 0 0 0 


il 


ee ae 0) renee eu) coved is (pes ugeda Ce) 


poh 0 e,v% () uP (1) 0 0 0 
0 eu (1)u’ (1) 0 0 0 
0 civ (%) Vv? (%) 0 0 0 


ef 


i 


} 


. ey A i 


i 


ia (TVG 0) Migs (i ate “figs 6 ~ Matsa ha gyi 
? ; 7 


:vauents nige tadantep= 9s 


2). (<>) (Ly { 
= git (a 3 ee = 


vad a 


4 id 
‘p (1,0) gy ‘gue th re © = @ 


> 7 
a] \ es 
‘ i : 


aims! Se mist: C2 |, +a os) 
fp : alta 

a. LP MER lo. | Bie ee 
ad 


. 


dieu ys we 


OL) “wt ge 


34 


And after Wild's transformation we get 
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and C3 is arbitrary. Schematically, the field compo- 


nents for different irreducible representations are 


linked as follows: 


Here the upper (lower) signs are taken when Co is real 


(imaginary) respectively. 
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d) The last spin one theory that we consider is a 
26-component theory. This can be arrived at by choosing 
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The matrix mn corresponding to this theory is 


Thus to summarize spin one, we have found the following 


theories: 


a) Jl0—component ftheory 
b) 14-component theory 
cy) 720=component theory 


d) 26-component theory -. 
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Bae popin 2 
The representation under which spin 2 transforms 


according to equation. ij}.32 is 
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We will only consider two theories, although just as in 


spin 1 this does not exhaust all possibilities. 
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The n matrix corresponding to the above theory is 


b) 30-component spin 2 theory: 


For this we select 
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Thus to summarize, we have obtained the following theories 


FOr spin 2 


a) 35-component spin 2 theory 


b)  30-component spin 2 theory . 
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CHAPTER IV 
PROPAGATION OF INTERACTING FIELDS 
ieee Ne rOGUuction 


The analysis of hyperbolic systems of partial 


differential equations using the method of characteris- 


tic surfaces as described in Courant and Hilbert (COU) 
was applied recently by Velo and Zwanziger'Y-1"?) to 
(Ra. ) 


determine the causal nature of the Rarita-Schwinger 
Spin 3/2 field and the spin 1 Proca fiela‘?:) , 

In this chapter we investigate the causal nature 
of the following fields: The Takahashi-Palmer ‘1°? 
Spin one field, the minimally coupled Rarita-Schwinger 
Spin 3/2 field with added Pauli terms and finally the 
spin 1 Proca field iinteracting with the spin 1/2 Dirac 
field via various types of coupling. We summarise our 
results: 

The minimally coupled Takahashi-Palmer field is 
acausal. However, by adding a fixed magnetic dipole 
moment interaction to its minimally coupled Lagrangian, 
causal propagation can be restored. The results for 
the self coupled T.P field are identical with those for 
the Proca field. 

The minimally coupled Rarita-Schwinger spin 3/2 


field with the most general Pauli interaction terms is 


always acausal. Asa result, all spin 3/2 theories are 
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acausal when minimally coupled to the electromagnetic 
ELerd'. 

Or" spin I4(Proca) Interacting With spinel /2 
(Dirac), only the direct coupling of the scalar, 
pseudo-scalar, vector, pseudo-vector and the derivative 
coupling of the tensor and vector types are causal. 

Before proceeding to show our results quantitative- 
ly, we review briefly, for the sake of completeness, the 
method of characteristic surfaces as discussed in 


Courant and Halbert Ole. 


2. Characteristic Surfaces 

The concept of characteristic surface originates 
from the problem of extending initial values of a func- 
tion w(x) on a surface o to the solution of the partial 
differential equation which y~ satisfies. 

A partial differential equation for a field y (x) 


is defined by a functional F, satisfying the equation, 
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The differential equation is called linear if F 
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depending only on x. If F is linear in the highest 
order derivatives, say m, with coefficients depending 
on x and possibly upon y and its derivatives up to 
order m-l, then the differential equation is called 
quasi-linear. We now define the terms outward and 
interior derivatives. 


Mesderivativesotla function yj at a point p = 


(XQ eX pre-e +X)) im the idirection of a vector: n, = (no My, 
-- sn) is 
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Here s is a parameter which characterizes the line pass- 
ing through p in the direction of the vector n. 

If p is on the surface o:6(x) = 0 with se x 0 
then the directional derivative is an outward derivative 


provided n'3 ® FZOVERInGpacticularhvet 
n = 0 90 ' EV 23 
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then the outward derivative is normal to the surface. 
If, on the other hand, n, are = 0 then the directional 
derivative lies on the surface and is called an interior 
derivative. 

An interior derivative is known if the data are 
given on the surface. The expression (52 oS re Aly OFTH7 
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the expression (90 69 = 
p ( ei Be 8 809,94) represents second 

order interior derivatives and the same is true for 
CD59 0a, = oP OH OE vhs The linear combination of these 
two (0d 60 _4 - i _ 

( tOd6 om ae aR SD RO ON Oil) is the most general ex 
pression for the second order interior derivatives. 
And in general the interior derivatives of an m-th order 


differential equation are given by 


9 ,99,,9.--9,9g---) - 8, 03,9%...9,9)...9 = data Iv.4 


To extend initial data to the solution of a partial 
differential equation, the highest outward derivative, 
Say m, must be determined by the differential equation, 
when the function together with all of its m-1l outward 
derivatives are given as data on the surface. If the 
determinant of the coefficients of the highest outward 
derivative does not vanish on a given surface, then the 
given surface is called free and the initial data are 
uniguely extended to the solution of the differential equa- 
tion. .f, on, the other hand, the coefficients: are: such 
that the highest outward derivative cannot be determined 
by the differential equation on a given surface, then the 
Ssurfacelriis called characteristic. In this case the gdif— 


ferential equation represents interior differentiation 
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and the data cannot be specified arbitrarily but must 
satisfy the constraints imposed by the differential 
equation on the surface. Moreover the highest outward 
derivative is discontinuous across the surface. Charac- 
teristic surfaces play a role as “wave fronts". Such 
"wave fronts" occur as frontiers beyond which no exci- 
tation can occur. The solution representing a discon- 
tinuity vanishes identically on one side of this frontier 
but note on the other. 

The coefficients of the highest derivatives deter- 
mine whether the differential equation possesses charac- 
teristic surfaces or not as follows: 


Given a partial differential equation of the form 
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and A“, f are kx k square matrices (k is dimension 

of Ww) which may be constants or may depend on x; for 
quasi-linear equations they may depend on yj and its par- 
tial derivatives up to orderém-l. Then the roots n of 

} jee 


the characteristic form .D(n) = : i.e. the 
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define the characteristic surfaces of the differential 
equation. Here,'n is a vector with components oe i 
and is normal to the surface o by definition. For real 
characteristic surfaces the solutions of IV.6 must yield 
real values for the components of n. This assertion can 
be proved as follows: 

On the surface o we introduce the interior coordi- 
nates (x)---x)) and the normal coordinate i. The interior 
derivative expression which containsthe highest order 


outward derivative is 
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Solving for 59 5 Pycitiseni? from the above equation and subs- 


tituting in equation IV.5 we get, after multiplication by 
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where the dots represent quantities which depend only on 
the data. The above equation can be solved uniquely for 
any provided the determinant,| ) A°n®| is not zero. 

: pica ie Ree 
If the determinant vanishes on a surface o then ay y is 


not defined by the differential equation and this is 


precisely the condition for o to be a characteristic sur- 


face. 
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Thus to determine the characteristic condition we 
replace 13, by n, in the highest derivatives and calcu- 
late the determinant of the resulting expression. How- 
ever, for higher spin differential equations, the equa- 
tions are not true equations of motion because they imply 
the constraints and one cannot use the above procedure 
mechanically to compute the characteristic form unless 
the equations are true equations of motion. In this case 
the true equations of motion are obtained when the cons- 
traints are found and substituted back in the original 


equations. 


We now turn to the question of hyperbolicity. A 
system of equations is hyperbolic if all the roots of 
its characteristic form are real. If some of the roots 
are complex the system loses hyperbolicity and propaga- 


tion ceases. 


The solution of the Cauchy problem requires the 
concept of space-like surfaces. The above definition 


is a special case of a more general definition: 


At a point p an operator (of highest degree m for 
a system of k components) is called hyperbolic with 
respect to a vector € passing through p if every two di- 


mensional plane mt through € intersects the normal cone 
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defined by D(n) = 0 in mk real lines. Algebraically, 
foo 8S. an arbitrary vector (novsparalle! to 6) then 
the line n = tT& + 6, tT being a parameter must intersect 
the normal cone in mk real points; i.e. the equation 
for t D(t&é&+ 8) = 0 must have mk real roots. Space 
elements at p orthogonal to the vector € are called 
space-like and € is called the space-like normal. 
Space-like surfaces are free surfaces; they separate 
the forward parts of ray cones from the backward parts. 
(A ray cone is the cone orthogonal to the normal cone). 
By the invariance property of the characteristic we may 


pueckeor= Cl )0,0,070<.). Then’ D(1T,9 ---6,) = 0 must have 


a 
mk real roots and this is equivalent to our special 
definition of hyperbolicity. Cauchy data must be speci- 
fied on a free surface; i.e. a space-like surface. 
Otherwise the differential equation reduces to an interior 
differentiation. 

After these preliminaries we proceed to calculate 


the characteristic form of the fields cited in the intro- 


duction. 
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In this section we analyse the propagation of a 
divergenceless skew-symmetric second rank tensor field 
describing a massive spin 1 field when a) coupled to an 
external electromagnetic field and b) coupled to itself. 
The Lagrangian for this field was given by Takahashi and 


(EZ) 


Palmer and so we refer to it as the T.P field in 


contrast to the Proca field. The results for the Proca 


field were given by Velo and gwanziger ‘V2? | 
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a) Minimal Coupling 


The minimally coupled Lagrangian results when we replace 
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Making this replacement and varying with respect to pry 


we get: 
2 r X 2 
& fe = = c 
™ te crea Vy Tm Ge m oe 0 Weer 0 
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By inspection, equation IV.10 is not the true equation of 


motion because the 2nd time derivatives of Vout Ne never 


appear in it. This implies three primary constraints. 
The true equation of motion will be obtained if we diffe- 
rentiate equation IV.10 in a covariant way, to get the 


secondary constraint, and substitute the result back in 


equation IV.10. Thus contracting equation IV.10 with rh 
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Substituting in equation IV.10 we find 
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This is the true equation of motion since all second 
time derivatives of oe OCCUr in 2t. “fol ger, ther charac— 
teristic determinant we replace un by a Lorentz four- 
vector n in the highest derivatives. Furthermore, since 
the determinant is a polynomial in a we may pick a = 
Or, 0, 0, O)J@and by’a Lorentz transformation get to a 
general frame. Calculation of the determinant gives: 
6s vba aml a es ee rye 
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In a covariant form (general n) this becomes: 
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ine’ characteristic: surfaces are normal ton. Solving 
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For ay we find: 
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the characteristic surfaces are the light cones. 
We also have for the second factor in the brackets, 


the solution: 
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Here if 1 - 4 BA > 0 then we have real solutions for ny 
m 


which lie inside the light cones, therefore the charac- 
teristic surfaces in this case are space-like and the 
propagation is acausal. If however l - 4 Bora Oe then 
n is complex and the equations of motion cease to be 
hyperbolic. This analysis indicates that the intrinsic 
dipole moment is responsible for the acausal behaviour 
and even the loss of hyperbolicity. “We therefore add an 


arbitrary dipole interaction to the minimally coupled 


Lagrangian. This dipole interaction has the form: 
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datory because of the anti-symmetry properties of 


ae 
Calculation of the characteristic determinant 
yields 
ae ay (e-g) 7 d,2 
D(n) = (n*) [n + AS9-— (n. Fo) ] 
m 
or 
2 oe (Cae ee 
Dien) <=) (avy ine += A Boon |< IV.16 
m 


Therefore if we take e = g the propagation will always 

be causal since the characteristic determinant becomes 

D(n) = (n2)° so every characteristic surface is the light 
cone, which is the same result as that for the Proca 

field coupled minimally to the electromagnetic source. 

Thus we conclude that the T.P field carries an "incorrect" 
intrinsic dipole moment which has to be accounted for when 


an interaction is present. 


b) Self Coupling: 
Next we carry the comparison between the T.P field and the 


Proca field a little further by considering the self in- 


teraction of the form 
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5 2 
Pin Beans ye (no eA ey Ge ey LV i7 
> UV ie 
1 + + w 
m 
with 
2 
aie teu, 2 <0 
where 
yr =p 


Analysis of~equation IV.17-indicates that the last 
factor of this equation determines characteristic sur- 


faces with normal ni, satisfying: 
2 g Z 2q LU Ov 
+ = ad — e e 
erg ak be Wy) ae (n Meg ne ) Iv.18 


Here we notice that these characteristic surfaces are not 
a property of the equations above but depend on the par- 
ticular solution hae Equation IV.18 indicates that if 
9 wy > =—1 wwhich is. true if lw | is sufficiently small 
then n will be space-like for q > 0 and time-like for 

q < 0, hence with the initial value of We sufficiently 
small and consistent with the constraint the initial pro- 
Dagation wili be causal af.q >20., This benaviour is,iden— 
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The Rarita-Schwinger 
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rived from the Lagrangian: 
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Here » is the R.S vector spinor y¥ with yp" = yer y?. 


(V.1) found that minimal coupling 


Velo and Zwanziger 
always leads to acausal propagation. We attempt to re- 
medy this by the same method used for spin 1 T.P field. 


We introduce the minimal coupling p" + q” and, a general 


Pauli term: 
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spin 3/2 equations are de- 


composed from the Dirac matrices and the electromagnetic 


ey, | 
For the Dirac matrices vty +, yvyl = 2g!“I we take 


the following representation: 
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field F. The consistency of the R.S equation with spin 
3/2 i.e. eight independent components restricts the form 
of Ty as we shall see. 

Varying the total Lagrangian with respect to w 


gives: 
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Equation IV.20 is not the true equation of motion since 
it implies the constraints. In fact we see that when 
K = 0 equation IV.20 contains no time derivatives, but 


yields instead the primary constraint equation: 


(7 - ha).d + TAU, = 0 Iv.21 
OTA 
where 
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Analysis of equations IV.24 and IV.25 indicates that if 
Te #0 these constraint equations will turn into equa- 
tions of motion and the field will have twelve independent 
components, thus reemphasizing the fact that 2 must 
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constraints; the true constraints in this case would be 
Seeiee if equation IV.20 were used in these equations. 
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the field pl into a transverse field v" and the gradient 
of a spinor field B. This technique has been used for 
the Proca fieto ee! with quadrapole interaction. 


We write: 


i Vida et c= LV 26a 
with 


mV" =O. IV.26b 


Even though B is a new dynamical variable the number of 
components of V. and B is still sixteen because of the 
invariance of the equations under the gauge transforma- 
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Analysis of these equations indicates that equation IV.28 
contains the primary constraints; these we obtain by set- 


fing ~ = 0; 
> > > uf = 
paso thanBy + De” Wieihyrg Big 20 -. 


It also contains the time derivatives of ve but does not 
contain the time derivative of B when the interaction is 
removed. 

Hence it is mainly the kinematical equation of 
motion for the vector-spinor va Equation #1... 3064 
useful relation as will be seen shortly, is satisfied 
identically by IV.28. A kinematical equation for B will 
be obtained from IV.28 and IV.29. However, IV.29 does 
not carry any vector indices and this is where the use- 
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fulness of IV.30 appears. Solving for y.mTy ve from 


IV.30 and substituting in IV.29 we find: 
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Equation IV.31l is still not the kinematical equation for 
B. It is dominated by the dynamical term Tn WB which 
makes it second order dynamically and hence will never 
produce a kinematical equation for B which would imply 
inconsistency. The only way to avoid this inconsistency 


\ be antisymmetric. With this 


is by demanding that TL 
€ondition “on ph equation IV.31 becomes an equation of 
motion for B. The secondary constraints required to 
eliminate the rest of the redundant components are implied 
Py equaclonsed VazGbuandGiy.3027, The preservation of these 
constraints in time as well as the fact that equations 
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Schwinger equations i.e. equation IV.20 can be shown in 
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a manner analogous to that in OmLeting the terms 
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These are the equations which determine the characteris- 
tic determinant of the fields Va and B when we replace 


nh by ee Now we determine the most general form of the 


anti-symmetric tensor-spinor To i.e. the most general 
Pauli tensors that can be added to the Lagrangian that 
are consistent with the spin 3/2 R.S equations. The 
Lorentz tensors are elit ee an wancdhene spinors 
(scalar, P.S., vectors, P.<V. and. tensors) are 1, Mir 
vais yoye and o4Y., The most general anti-symmetric (in 


vector indices) parity conserving spinor tensor that can 


be constructed out of these is: 
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is actually identical with the last term as can be 
easily ‘seen’ from writing yodue joie an terms o£ the 
os jand oe in terms of F. 


Replacing nh ' 


by nn’ Hm vequatiwons’ 1V.32) and I[V.33 
we see that the determinant will be a polynomial in 

oe Therefore we pick n ="¥(n; 40, Of, 0) to calculate 
the determinant in the rest frame and then by a Lorentz 
transformation we may go back to a general frame. With 


these equations IV.32 and IV.33 become: 
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Before we carry on the calculation we briefly comment on 


Dan )= 


the term (Goes) which enters the determinant. This term 


and thus involved 


written explicitly reads Gas. ea") T. 
the source of the e.m field as well as the vector poten- 
tial A and its derivatives. The presence of these terms 
will ultimately lead to characteristic surfaces that are 
dependent on the source of the electromagnetic field and 
the vector potential and its derivatives. Further examina- 
Evon- OL Equation “LV'.3 4 andicates*that this type of depen— 
dence cannot be compensated for by the electric or the 
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the vector potential and its derivatives as well as the 


source except of course for the special case of equation 


IV.34 when ae Oe ge Wen °C ine Cie 0 (rota) is 


identically zero because 
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natural term that can be added to the Lagrangian. Calcu- 
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Then propagation will be causal if and only if x < 0, 
when. 0-< x7< l propagation is sacausal and for x > / 
the system ceases to be hyperbolic. Substituting equa- 


tron 1V.37 in LV.36 gives: 
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An examination of equation IV.38 indicates that the 
Maximum number of negative roots is two and the minimum 
number of positive roots is two,hence there will always 

be space-like characteristic surfaces and propagation 
will always be acausal no matter how small (but finite) 
the e.m field is. Furthermore, the system will lose its 
hyperbolicity for a certain range of the coupling constant 
q3 and the magnitude of the e.m field. Next we calculate 
the characteristic determinant for the most general Pauli 
term given by IV.34. Here we must a priori insist that 
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(1 a) be identically zero otherwise some characteristic 


surfaces will depend on the source, the vector potential 
and its derivatives. Therefore, granted that eae = 0 


for a special class of sources, then the characteristic 
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Prviding equation IV:39" *by Ny with Ny # 0 and using 
equation IV.37 the determinant becomes a fourth degree 
polynomial in X. We emphasize again that a necessary 

and sufficient condition for the propagation to be causal 
is that all the roots of the polynomial be negative and 
that if some of the roots are nonnegative then propaga- 
tion will be acausal and loss of hyperbolicity may occur. 
To study the roots of this polynomial we use "Descartes 
Rule of Signs” “technique. According to this: technique 

the maximum number of positive roots for a polynomial with 
its terms listed in a descending degree is equal to the 
number of variations of sign of the coefficients. Simi- 
larly, the maximum number of negative roots is equal to 
the number of variations of sign when X is replaced by 
(-X) in the polynomial. Thus, if there is a change of 
sign in the first two terms of a quartic polynomial then 
there would be one positive root regardless of the coeffi- 
cients of the other terms. If, however, there is no 
changesin sign in the fiyst two. terms’ we need to go to 

a third term and sO On., The first two) terms. of our 


polynomials are: 
2 2 2 225 
(3 fw = (3 m”) ? tm? (8q,° + 3q,°)E + (5m@q 7+ 2e°)B“]x>. 


Here we see that the coefficients of x? are always nega- 


tive, therefore the maximum number of negative roots of 


= : 
< 


STs 4 
ao | 


wire: Ble 0 gl thew ae ‘a "ez. is mgm 


oscybh Howdet @ aewoved sosckoeteb Ome rev 


Yxeeosnoon & Phe a lept sxinedigs (ae xin | 4 
{sana ad og noi depsqe rc eafia.') 27 sicy 2h Minded * taeis t3 Ie f 
nme sy Langet 84 Toator fon. st t¢ Uvaon ois tis ‘ai 
2B SITOLG Rev SVIsePonAN Vas, BIST “ae 29, Sms 4 
Yam to tiodasay: ao wisae fafa leeuioe oo Like ¢ 

asd 2bogoN" sae ov teLoenylog side To aoe wid bude 

ay a 

SypLntooy eit of. praLlotoasA . oh ee ‘engis xo 

ire sd vice «s 2067. .6sdory avis +i. 209 a oclnuer jane a 
sm) OF {suns ef Sarpe Pirie ‘pol & aye petect wines 


cede BIASES TS SG0 Gilt oR Apbe ia aupideirev to. =: i 
» Sere 

é =e 

od Ibtpo el erodu syvidiowelh i. Leann ‘ mere esa ons" 


Lyox et % ceviw fee Se engrtBlaey 0 endeiial 
tM mpreis « af axes) gaunt Lmimonigtod oxy, aed 
fads lewmoovleds oFtteup & Fo oe Owes ond task edd at 
“liao? aat Jo seslbispe? 3905 ova Atop tia dd il 
of of Steeda, , 2AvEMOT at wereed atin ott Re 8 

S? Op oF besa ov a td ows tawel aah ais yd 8. at - ven 

1d Yo emerd ona, eas SoaT ie hal bit aaa 8 bats 


7 : ‘ . . 7 
: at Sat Fane ep iy “er ut ae bel 


wh ihe eens iartqan ts 1a 
i Crete a2 ty, ee vi) + ee 5 
ee ae 


a 


80 


our polynomial is three regardless of the coefficient 

of the other terms. “Hence, we conclude that the spin 
3/2 R.S theory coupled to an (e.m) field is always 
acausal and may even cease to be hyperbolic or both. 
Therefore, as mentioned in the introduction we conclude 
that all spin 3/2 theories are acausal and may lose 
hyperbolicity or both when minimally coupled to the (e.m) 


freLda. 


ee opin 1/72 (Dirac) Coupled to. Spin 1 (Proca) 


If the intermediate vector boson theory of weak 
interaction is correct, it is interesting to know what 
restrictions causality places on the possible form of 
the boson-lepton interaction. 

The free Proca field and Dirac field Lagrangians 
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We will examine each of these interactions individually, 
then a combination of all of them. We start with direct 


vector coupling type of interaction: 
= yy 
a) Ly = Gh UY. 


The Lagrangian equations are 


Bau” = pp wh = mw” = gyPr = 0 IV.40 
(-g6 + M)w - Gury Ue= 70 iV 4 la 
u 
TV S41 
v(p + M) - SyPY wh =O. IV.41b 


Examination of equation IV.40 shows that the second time 
derivative of w° does not appear which implies the pri- 
Mary constraint of the Proca field. Contracting equatzron 


Iv.40 with P,, we get the secondary constraint: 
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Substituting in equation IV.40 and multiplying equation 
Iv.4la and IV.4lb by p and p respectively then replac- 
ing P,, by n in the highest derivative for the whole 


system of equations we find: 


ia = 0 
n“y = 0 
Se p05. 


The characteristic determinant of the above system is: 


Di tn.) : = ER 3 


Hence all the characteristic surfaces are the light cones 
and propagation is always causal. Thus, the direct vector 
type of interaction is always causal. 

Next we consider the derivative coupling vector type 
Of interaction: 
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but by the use of the last two equations we find that: 
Pp (py"y) = 0. 


Hence the secondary constraint becomes: 


Inserting in equation IV.42 and replacing P,, by n, in 


the highest derivatives after multiplying equations 


IV.43a and IV.43b by Zp and p respectively we find: 


n = 0 

n*y ap wale | (w’n n yoy ey) w = 0 
DV ‘aya Vv 

n*o eis (sere by yP)w =O. 
DV pa Vv 


The characteristic determinant of the above system is 


Zat2 
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ri) eet.) , therefore the characteristic surfaces 


are the light cones and propagation of the derivative 
coupling vector types of interaction is also always 


causal. 
C) Direct Coupling Axial Vector Interaction: 
Here J. = ig.,wWy yy : 
A A u 
The Lagrangian equations are: 


p-w” = pp, wh = mou” = ig,dy yy = 0 Iv.44 
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(-g + M)y - ig,wry yy = 0 Iv.45a 
u Iv.45 


v(p + M) - ig,w"Dyy° =S0Ne Le ely. 455 
The secondary constraints are: 


ig 
Vv A F 5 
SE a py (yyy) . 


However, by the use of equation IV.45 these are reduced 
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By the same procedure used above we find the characteris- 
tic determinant to be D(n) = npr hence the direct 
coupling axial vector type of interaction is also always 
causal. 


Now we consider the derivative coupling axial 
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The secondary constraints are: 
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By the use of equation IV.47 this can be reduced to 
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then we have one negative and one positive root. In this 
case there will always be space-like characteristic sur- 
faces and the system will be acausal. Hence the D.A 
type of coupling will always lead to acausal propagation 
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ZN) 2 
bee oe pp w ete gow py = 0 IV.48 
Z SZ 
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By the same procedure used above we find the characteris- 
tic determinant to be D(n) = bce. hence the characte- 
ristic surfaces are the light cones and propagation is 


always causal. 


£7) Next we consider the derivative scalar type of 


interaction: 
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The secondary constraints are: 
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The characteristic determinant is 
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characteristic surface which depends on the Dirac field 
and its derivatives and also on the derivatives of the 
Proca tield ithrough o. Thus; if 
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then propagation is causal. If this is not satisfied, 
the propagation is acausal whenever the above term lies 
between 0 and -l. If it is less than -1l the equations 


lose their hyperbolicity. 
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The characteristic determinant is D(n) = ier and 


propagation is always causal with the light cone as the 


characteristic surfaces. 


h) Now we consider the derivative coupling pseudo- 
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The second derivative must be eliminated by the use of 
the equation of motion. Using the second and third 


equations of motion we get for the secondary constraint: 
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Here again as in (e) the characteristic surfaces deter- 
mined by the term in the bracket are dependent on the 
Dirac field and its derivative and on the derivative of 
the Proca field. Again if 
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is positive then the system is causal, propagation is 
acausal if this quantity is between 0 and -l, and the 
system loses hyperbolicity if this quantity is less than 


=e 


£) Next we consider a derivative coupling tensor of 
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The equation of motion written, in terms of a reads 


2 
n°W + igpn(nin yah yyw = 0 


Doth ih E) 
ny - igne (non, Gory?) w,, =O. 


The characteristic determinant is D(n) = (n°) so the 
system is always causal with the light cone as the 
characteristic surfaces. 

So far we have considered only individual types of 
interactions and found some to be causal and others 
acausal. It would be interesting to know if there 
exists a relation between the coupling constants for 
which an interaction, which includes all of these, i.e. 
the causal and the acausal, will always have causal 
propagation. Here the interaction Lagrangian is 
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We proceed in the same manner as before and get the equa- 
tions of motion, the constraints, and the characteristic 
determinant. 

The calculations are tedious but straightforward 


so we only give the essential results here. 
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The constraint equations on the Proca field become 
equations of motion and cannot be reduced to a constraint 
equation by the use of the equation of motion unless 
Spgs = Ipp = OV or Spy = Ipr = 0. This implies that the 
system will gain more degrees of freedom and hence will 
nNebebe*a ispin 1 field interacting with a Sspin’l/2-£ield, 
i.e. the derivative coupling of the scalar and pseudo- 
scalar type of interaction or the derivative coupling of 
the vector and tensor types must be contained in the over- 
all Lagrangian if we are to conserve the contraints of the 
SV Seen. 

Now we proceed to investigate the nature of the 
propagation. If we take the first possibility, i.e. 

Sns = Ipp = 0, then calculation of the characteristic 
determinant indicates the presence of space-like charac- 
teristic surfaces as well as a loss of hyperbolicity 
unless Spa is identically zero. The other possibility 
1.e. Spy = Ipr = 0 gives a characteristic determinant 
which immediately requires that Ins = Ipp = 0 for causal 
propagation. A necessary and sufficient condition for 
Causal propagation in this case will therefore be Ins = 
Spp = Ipa = O- This means that the second alternative 

is a special case of the first one. Hence we conclude 
that for causal propagation it is necessary and sufficient 
to have only Sos = Ipp = Ipa = 0; 1.6. the acausal types 


of interactions, derivative couplings of scalar, pseudo- 


scalar and pseudo-vector, Sys’ Ipp ' Goa must not be 
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present in the interaction Lagrangian if propagation 

is to be causal, regardless of the strength of the 
coupling constants for the causal ones. Therefore, 

in this case interactions which are acausal will always 
lead to acausal propagation and even to inconsistency 
when they are further coupled with causal or acausal 
ones, while causal interactions remain causal even when 


they are taken together. 
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CHAPTER V 


VACUUM POLARIZATION OF GAUGE INDEPENDENT SPIN 1 FIELD 


i<@eolntroductiion 

In Chapter IV we have found that when the T.P 
field is coupled minimally to the electromagnetic 
field it propagates acausally, that is, some of the 
characteristic surfaces are space-like. Furthermore, 
we have shown that by adding an appropriate magnetic 
dipole moment interaction to the minimally coupled 
Lagrangian, causal propagation will be recovered pro- 
viding the strength of the coupling constant is equal 
to e, any other value will always lead to acausal 
propagation. This clearly indicates that the T.P 
spin 1 field possesses a fixed dipole moment and does 
not admit an anomalous arbitrary dipole moment if 
causality is to be met. This fixed dipole moment 
interaction can be introduced in a more natural way 
namely, by adding: a fixed.four-divergence, to, the, free 
Lagrangian as shown in section 2 of this chapter. 

We now compare the T.P field with the well known 


(V.2) that the Proca 


spinglaProca field. » Dt @eaknown 
field is causal when minimally coupled to the electro- 
magnetic field and remains so even when an arbitrary 


dipole moment interaction is added to it. The Proca 
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field, on the other hand, is not invariant under a gauge 
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transformation of the second kind while the T.P field 
is gauge independent. Thus the advantage of gauge 
independence restricts the T.P. field to a fixed dipole 
moment while the disadvantage of non-invariance under 
a gauge transformation of the second kind allows the 
Proca field to have an arbitrary dipole moment without 
disturbing its propagation characteristics. 

It is interesting to see whether the minimally 
coupled Proca field and the minimally coupled T.P 
field with the added dipole moment, will yield the 
same physical quantities or not. In the free case 
the two fields are physically indistinguishable while 
in the interacting case one does not know a priori 
whether they are indistinguishable or not. An interes- 
ting and simple physical quantity to investigate is the 
vacuum polarization. Here we have calculated the vacuum 
polarization of the minimally. coupled causal: T.P field 
and found that it as identical> with that of the minimally 
coupled Proca field. Hence to this extent the two inter- 


acting fields are again physically indistinguishable. 


2.. Modified Spin 1 f.R Field Lagrangian 


The Lagrangian given by Takahashi and Palmer ‘7+ 2) 


eS 


ve 


‘ 


Kilord 27 amy albiaw nick Banavse of2- te agetem eos 


apg 26 evetdcVbe Shy eur ibeeeny eg 


i.) sid Sorgen sonebns 


sbfit) ous stuevri~i to iso e y ony slaw +n 


ny 
i; 
Fe 
* 
ee 
r 
rm 
\ 


wells Sn en Pnoos: it? Ze (oS Sagano tis tt 
e fhomin efedi “oittida “ne ee 8 “Biles? aD J 
apitat s >ER ia fi wD Guedes ute 


ii a> toanwain see 07-Ca eae eiat sé aT 


ie in is. Hoe pieta aoigt balaaae 
blaiy pliw ,3cemem Sarat dipibium gis ae bite 


4) a 
A) 


7 ' 
~ 
oe re 


aft 1s .ton Yo Aaa Tebbeee 
w ofdarte cupsteethie | ¥ElE teetg aie ate oes 


inive & word 264 e6om sie Shea ak ienietnk’ Sze ft, 
7 = 


+ 


19 sidatetpai pe khai-eme yady it 


. 


ei es | = bey S t i ies | Viiv yD Ls Lergtile elignke Bom . 7 oi 


Bu oven 40 Capel \eicthding Canto a Ne - a 
Piet A! Leeien Hatation et any 5 otter, ie 


(ifewinia, ef to sete daiw tease epee Pane 
“Tene ows Siw teodes afayiet Soke aCe soaat 2 
.SlLupderuoniseioar viies Pen ae wis ibaa 


~ 


etn aes) sel DB yiow acs 


Noll Sano bre Edad: 
\ 


vid anya 3) 


98 


es 
II 
! 
Nof[ ke 


Loy a ae = Pe A oa 


= Fy ee oe! + oe el 


Pug ee ai ee ns oa en 


: mG (x) Y, (x) vel 


Here 


an Jn 
nes? _ ge oe ear la eas 


II 


Tes Lb £Or VW=vsh,273 


-l for y=v=4 


Il 


0 otherwise. 

It was shown in Chapter IV that the above Lagrangian 
leads to acausal propagation when minimally coupled to 
the electromagnetic field. Moreover, causality can be 


recovered providing the fixed dipole moment interaction‘? 


ine = ie CFS Wg (X) — Vy FG Wg (XI) © Ve2 


is added to the minimally coupled T.P Lagrangian. 
The above dipole moment interaction can be pro- 


duced by the following four divergences: 


i has a different sign from that of Chapter IV 
because a different Suv is employed throughout this 


chapter. 
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Adding this to the Lagrangian of equation V.1 and 


collecting terms we get the following Lagrangian 
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The characteristic determinant of the equations of mo- 
tion derived from the above Lagrangian, according to 


the method of Chapter IV, is: 
Dina) one v.4 


Thus, every characteristic surface is the light cone 


and propagation is always causal. 
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3. Vacuum Polarization 


CS 3) (Pe l.) 


Following Schwinger and Feldman fache 
equations of motion in the interaction representation 
have the form: 


ji Meee allen 


50 ae e Ve5 


Here H(x,o) is the Hamiltonian density for the inter- 
action between the field in question and the electro- 
magnetic field. To first ‘order anithe coupling: constant 
we may write the solution of equation V.5 as: 


oO 
NG) R= (LSS AL | HX xtigo LyGdxtayny (=e) WEG 
where ~(-~) is the state vector characterizing the 


initially undisturbed vacuum state of the system. 


For the induced current we find: 
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commutator. Moreover we discard that part of 

<0[ 4, (x10) [0> which does not involve the external 
field. Assuming that the external electromagnetic 
field cannot create pairs we may write equation V.7 


as: 


oa ee = <0[ 5, (X10) = (3, 10) ) yg 10> 


- s J <0) (3), (6) /H Ce) 1 [0>e (xox! ) ax V.8 
(Fel.) (W2)) 


Feldman and Umezawa calculated the vacuum 
Polarization of the spin’ 1 Proca field and got the 


following expression for the induced current density: 
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where A is the solution of the homogeneous Klein- 
Gordon equation, (C~m~) A = 0, which vanishes outside 
the light cone. Furthermore A satisfies (Gems tao 
van er a) is the other solution of the homogeneous 
Klein-Gordon equation which does not vanish outside the 
light cone. 

Here we calculate the induced current for the 
minimally coupled T.P field with the added dipole 
moment interaction or equivalently the field resulting 
from the minimally coupled Lagrangian of equation V.3. 


The current in the interaction representation is: 
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Here, use has been made of equations V.11, V.12, V.13 


‘and the property of the surface terms mentioned above. 


Using equation V.14 and after tedious but straight- 


forward calculations equation V.17 reduces to: 
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The second part of the induced current, using equations 


Veto and V.16, is 
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where the integral must have the proper boundary condi- 


tions so that no pair creation can occur. This) can be 


guaranteed if 6(x-x') is replaced by the Green function 
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substituting, for. 6(x=x") and msing equation_V.13, 


equation V.19 becomes: 
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This is identical with induced current for the Proca 
field given by equation V.9. 

Thus we conclude that as far as the vacuum 
polarization is concerned the Proca field and the 


causal T.P field are physically indistinguishable. 
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CHAPTER VI 


CONCLUSIONS 


In this work, we have derived first order wave 
equations without subsidiary conditions, which are 
form invariant under the homogeneous Lorentz group, 
and describe a field with a fixed integer spin and mass. 
Furthermore, we have shown that there exist many theo- 
ries for a given integer spin field, as, for example, 
in the case of spin one, where we have considered four 
of these, namely the 10, 14, 20 and 26 component ones. 
The form of D chosen in this work is less restrictive, 
as compared to the form of D chosen for half-odd inte- 


(Cola Here, thes presence Oretnie inredqucible 


ger spin 
representation (k,k) in D, which is absent for half odd 
integer spin, allows more free parameters in Bo: 
Difficulties with propagation arising from inter- 
action for higher spin fields were analysed and in some 
cases overcome. We considered the spin 1 theory of 
Takahashi and Palmer and showed that in certain cases, 
it is possible to combine interaction terms which 
separately lead to acausal propagation, so that the 
result is causal. This led us to try to get a causal 
spin 3/2 theory coupled to an electromagnetic field. 


In this case, however, no choice of the coupling cons- 


tants leads to causal propagation. We also considered 
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a. Proca field coupled to a Dirac field. The inter- 
actions considered were scalar, pseudo-scalar, vector, 
axial vector as well as derivative coupling of these 
types and of the tensor type. All the direct couplings 
lead to causal propagation. For the derivative coupl- 
ing, only the vector and tensor couplings yielded causal 
propagation. Furthermore, when taken together, all 
individually causal terms lead to causal propagation, 
whereas no choice of the coupling constants (other than 
zero) among all the terms led to causal propagation with 
one or two or all three of the individually acausal 
terms included. Thus both types of situations occur: 
one in which acausal terms may be combined to yield 
causal propagation as in the Takahashi-Palmer spin l 
theory or else as in the case of the Proca and Dirac 
field combination, where acausal terms cannot be com- 
bined to yield causal propagation. 

With regard to the above mentioned difficulties 
of higher spin interacting field, we note the follow- 
al oe fr Wigheman oe: indicated that the acausal be- 
haviour in the c-number problem will have no bearing 
on the gq-number problem, as long as the system of 
equations remains hyperbolic. This is a consequence 


(Ca.2) 


of Capri:’s investigation with respect to the 


existence of the interacting Green's function. 
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polating field, providing the system of equations is: 
hyperbolic on the classical level. In the examples 
presented in.this work we find that in all acausal 
cases, the system will lose hyperbolicity if the ex- 
ternal sources or the fields exceed a certain range. 
The range is determined by the quantity x of equation 
Iv.37. Tnessystem Wseeacausaliaiad <extke laoandeioss 
of hyperbolicity occurs when x is a complex number or 
eevealenumber larger thanwone.onror the T.P seit 
coupled field 
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Per the Dirac field interacting; with spin 1) Proca t1eld 
by the derivative coupling of the scalar, pseudo-scalar 
and pseudo-vector types, x is equal to 
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respectively. For the minimally coupled spin 3/2 case 
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x = Ce ane and for the minimally coupled spin 
3/2 field with added Pauli terms, x was shown to have 
complex values as well as real values larger than one 
depending on the strength of the external (e.m) source. 
Examination of the above values for x indicates that 
to the extent of our examples, acausal systems will 
lose hyperbolicity when the fields or the sources ex- 
ceed a certain range and thus the existence of the 
interpolating field is questionable. 

We have also shown in this work that the dipole 
moment interaction needed to make the T.P field causal 
can be introduced by adding a fixed four-divergence 
to the free T.P Lagrangian. 

Finally, we have calculated the vacuum polariza- 
tion of the T.P causal spin 1 field, and have shown 
fnat 1tois adentical. with that of the» Proca, field. 
Thus to this extent, the T.P causal field and the 


Proca field are physically indistinguishable. 
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APPENDIX A 
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In this section we review some results regarding 


ene Mepresentateons Of -Si,(24¢)) “and 1ts. relation to “the 


LOrentz group. 
The Lorentz group © consists of a set of real 


linear transformations which leaves the form 
(Oe) > > 

Kay = aEny pia okay =eg xy 

invariant. Under A« a four vector transforms 
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The connected component t,t is called the proper 
orthochronous Lorentz group which have det A= 1 and 


A > 0. There are three more connected components: 


~_t+ det A =-1 Nomen 0 
Zt, det A= 41 Nee t0 
y+ det A = -1 Ar Ol ee 


The universal covering group of Lyt Lo 7si(2sic),. the 
group of 2x2 complex matrices. 
The connection between SL(2,c) and Lt is 


established by the Pauli matrices 
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We denote 
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Then the one to two homomorphism between a + and 


sLt2,c) 1S given by. 


Rite SE (20 i en Viah toe oe 


We use the convention that the spinor indices trans- 
Lorming according to A, at are written as lower un- 
dotted and upper dotted, respectively, while those 
transforming according to the contragradient transfor- 
: Le ee ara 

mation A oes are written as upper undotted and 
lower dotted. For example Oe Oh, ees the indices o 08 
and o &é@. 
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For every four vector x! is associated the 


Hermitian matrix 


det X.X = det [x"o x" o,,] S50 x 


The finite dimensional representations of SL(2,c) are 
defined by their action on the space of homogeneous 


polynomials 


() We use t for Hermitian adjoint, * for complex con- 


jugate and t for transpose. 
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ee AEA e ater aaat ; A.5 
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Here € and yn are two-component spinors transforming 


according to 
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By substituting these in A.5 we get the (2j+1) (2k+1) 


dimensional representation Qae) of SL(2,c) defined 


by 

eG in eee Gin) SO ROL! 

a'p! = a (A) ug Xx aB A.7 
By convention we therefore have 

eee ay = Aye A.8 
also 

ee 10) (A) = glors) (a-t)t Ae LO 


wero) (at) o ofs-o) (ayt aon 


hw re és + [ 4 . 
i { i - ‘ { 2 } 
Sa oT a aa =) 


eee ibe tae 


wa | 
i 
| i 
’ ie 
‘ ae. 
od 
hive 
= "3 
a 4 
} vee = hes + 
: by 
- @ 
. Pent PAL sLI2 
- _ 
uohtasiegress | 
i) ain 
¥ 7 
“ya 
i wa, 
- 
a 
: Vif a wane) 
- F he > 
: 
j ANS 


Ton a 
“ Noa apr é 


ial ei ‘ | 


oe 


Coe (a aE PE (AGL M jee EP) 


If A is restricted to U« SU(2), then 
ene (uy) = QF) (yy) = QI) jet) 


and the representation is unitary; furthermore 
O5'*) (y) is reducible since J(u) ® Q*(u) decom- 
poses into 

j+k 


® Geoviutie 
d=|5-k| 


Hig 


(B.) 


(Gael) 


(Ca.2) 


(ch) 


(Eou.:) 


(Coe) 


(BD. Lb) 


2s 
REFERENCES 


H.J. Bhabha, Relativistic Wave Equations for the 
Elementary Particles, Rev. Mod: Phys. 17, 200-216 
(19-45) 

H.J. Bhabha, On the Postulational Basis of the 
Theory of Elementary Particles, Rev. Mod. Phys. 

2 ie 4 olad6 29701 949)).. 

A.Z. Capri, First-Order Wave equations for Half- 
Odd-=integersSpinj je Phys= (Rev. lh/ 8742427 (1969). 
A.Z. Capri, Electron in a Given Time-Dependent 
Bléctromagnetic Field, Jour. Math. Phys. 10, 

No. P4p05 7503619 69) - 

A.Z. Capri, External Field Problem for Higher Spin 
Particles, Ph.D. Thesis, Princeton University 
(1967) (Unpublished). 

S.J. Chang, Lagrangian Formulation for Systems 
with )HighersSpin, Phys. Revs 261741308 (1967). 

R. Courant and D. Hilbert, Method of Mathematical 
Physics, Interscience Publishers; Vol.2, Chapter 6 


(EO'G62)e. 


E.M. Corson, Introduction to Tensor, Spinors and 


Relativistic Wave Equations, Blackie and Son, Ltd. 
(d:9'5:5 don 


P.A.M. Dirac, The Physical Interpretation of Quan- 


tumeMechanics,eProc. Roy wusoces1A, /180; 1 42942). 


; 
ioc taVertgas 


eed 
26 IM ai eA ; 
y's Tele: 1A out cata? 
= i 7 2B a 


Janes 


,h 8 


t2621) 
og ‘ patand =i ; 
Ct. 
. mfiuko yreot? m 
) Safle, £5 ) 
i — 
} ye & ff 14.62] 
¢ iy me spatai=baQ) 2 
AN : 
£7? ih Oe, Su Lhe 
vee ,. 
ie ® 
| if iISsephriorisels. 
t fy ' _ 
3 7 
7 yee 23h 7 
R : ene ‘ Ree) a 
- ‘ ’ ) 7 _ 
Ls 4 dst 2a what 
¢ ‘ : 
7 . = 4 avi't’ i AG os a | rat 
ve) - : vb 
bata peeps) mod ee 
; me es = 
t a‘ py © rg BX tad eae be ) bed >i Yd 
: Y Pag 
=. ny Lic 
, i i re. Re 
° 
: i Cae} ia S bint: 
- 
? “a 
i Aa 
: a a ie ae J s 
ert t3--aee —spnopsat PREIS 
~ — eae Pee ae ree le oe eer 7 : i 
ae Le ett 2 BR ips , AY Sas ad. ts 
7 ie wy) : 
ane 


7 - 1 so kayie 


a 


OBS, 1 0 “$YOR, 2088. ..ea 


he 


wa ean oe 
Am St Lah. 


ae =| omy ’ be 


x. iz 
ai Phe 


V7 


(D.2) P.A.M. Dirac, Quantum Electrodynamics, Comm. 
DubliniilnstetAdvet Studies VAryNnot tei 943)% 

(D23) PZA;M.5Dirac; Relativistic Wave Equations, Proc. 
Roy. Soc. A 155, 447 (1936). 

(Fel.) D. Feldman, On Realistic Field Theories and the 
Polarization of the Vacuum, Phys. Rev. 76, No.9, 
1369 %(2949)) 

(F.1) M. Fierz and W. Pauli, On RElativistic Wave 
Equations for Particles of Arbitrary Spin in 
ane blectromagnetic Field, Proc. Roy. Soc. A 173, 
2LIS KA SB IE 

(F.2) M. Fierz, Uber die Relativistische Theorie 
Kraftefreier Teilchen mit Belibigem Spin, 
HelveticasPhysicasActay wiz, 82-37 (1939) 

(G.) iE. Garding, A General Theorem Concerning Group 
Representations, Kungl. Fysiografiska Sallskapets 
I Lund Forhandlinger 13, 1-7 (1944). 

(Hz) Harish-Chandra, Relativistic Equations for Elemen- 
tarymParticles;mrroce sRoy .2socry 192A, elo 5o( 1947) . 
Harish-Chandra, On Relativistic Wave Equations, 
Physs Reve 71; 793=S05e(19479" 

(Ma.) P.T. Mathewes, The Application of Dyson's Methods 
to’ Meson Interactions, Phys. Rev. 76, 684 (1949). 

(M. ) F.D. Murnaghan, Theory of Group Representation, 
Dover Publishing, Inc., New York (1938), pp. 17 


and 68. 


- @ a ee ey 
we | | or \ 


iy (eR Ebe 17 rtf add ea | 
bei PY ca bona vel cot 
20 D3 SNba a ay. aire st vis nd 
bate) Cpe eee a oye 7 

atiesad bilaly 7eSeLE ee Ao nab wi (. 87) 
aye , aula sid Ye nohennheatet i 
, Condes eset: 

iv bes ah no, pinay aw ig: aba hes 

7 ph wre ett: To eel aki2e?. Het anoktedpe - 
brelY +1} Sermdateinape tt ni | 

| abi aT 

At afeoiseiveseiok Set road weed a 

(ot mooie (om (rim aenéhigt sons naudiran 

Bd Ve"! Ea en, Ateh eRae ad jdevish 

queve ‘oniscrbecod msaasin sr abel A. ribbon wt ‘ 
foqede Liss “raiiecpote vi . benny (aro. t eepimniaah Lee 
Con vibes hago) sys beach: ee a 


tn. 


erudite es’ 


st 


(P.) 


(Ra. ) 


(pelea) 


(enon!) 


Crs Zz) 


CU) 


(Unr2) 


(Va 2) 


Tars 


A. Proca, Sur les équations fondamentales des 
particules élémentaires, Comptes Rendus (Paris) 
202741290 (1936) 5 wand 

CC. Wentzel, Quantumylheory, of Fields, Interscience 
Publishers, p.90 (1949). 

W. Rarita and J. Schwinger, On a Theory of Particles 
with Half-Integral Spin, Phys. Rev. 60, 61 (1941). 
J. Schwinger, Quantum Electrodynamics. II. Vacuum 
POlaruzatiron and celr ihnergy, Phys. REV. ii 05 1 
(1949). 

Y. Takahashi, An Introduction to Field Quantization, 
Pergamon Press (1969). 

Y. Takahashi and R. Palmer, Gauge-Independent For- 
mulation of a Massive Field with Spin One, Phys. 
Rev ey NOs | L076 2974 41/0) 

H. Umezawa and A. Visconti, Commutation Relations 
and Relativistic Wave Equations, Nucl. Phys. 1, 
348° (1956). 

H. Umezawa, Quantum Field Theory, North-Holland 
Publishing Company, Amsterdam (1956). 

G. Velo and D. Zwanziger, Propagation and Quanti- 
zation of Rarita-Schwinger Waves in an External 
Electromagnetic Potential, Phys. Rev. 186, No. 5, 


50 Je GLO 9s). 


aii . Le 9 


aoh eoledi emai. -ssihe santph aia sw nO bial 
) wines! estqaod aortas nema: ji > 
bres. yMbeda frees 5k 


h bd. are i) te riwelag vi ote sacar: Wi 
49  niqe large yo BH ati - 
Japoele Mayen pala ih oA 
oa Tee ‘Gane ites sialon a 
ae 

ins 2. ) there es fshine 4 al of ie ieiey i (P t) 
4830) ene nipitieg sat 

spi pel “et eh ae srleegataate® .¥ (s r 


nissl seers & Bo myesas eet 


, 

ee. eee ee Nay 
t AL : : 

STL ES SMa Atay Aa Bene) 3 
) van 


| AE Be, 

Pits Lilie sl Sebi COB HP. WLS b igi nee. ats oy 
(WERT) mebied ome. erin waite idol 7 

tn) Oe pOlteesgors 7 ap keane, 1a fiie: ota we 


ON OIG GD AD e2oyvaw sagihiiiod~s 2A tp ro ie | 


(HDs, >. Bias OE ee of vai 


[on das von -eVitT 


(leis nase 


(V.2) 


(W. ) 


(Wi. ) 


(Wig.) 


HG) 


G. Velo and D. Zwanziger, Noncausality and 
Other Defects of Interaction Lagrangians for 
Particles with Spin One and Higher, Phys. Rev. 
eo; NO. 5,7 22lo lI 69):. 

E.P.’ Wigner, On Unitary Representations: o£ the 
Inhomogeneous Lorentz Group, Annals of Math. 
£00 1149-204 (1939). 

E. Wild, On First Order Wave Equations for Ele- 
mentary Particles Without Subsidiary Conditions, 
PLOC. ROVLE SOC. LOUA Ts 253—2651) (1947) . 

A.S. Wightman, Troubles in the External Field 
Problem for Invariant Wave Equations - Coral 
Gables Conference on Fundamental Interactions 
at High Energy, Vol. 4 — Gordon and Breach 


Publishers (1971). 


v ive ¥ . } ) yy 7 4 j mul a ‘i 
Rif | | hat we | : as : 7 
| a YA 4 A om 
; ; 7 ‘ , 


bite it cn bia salt fap keasee . a 


sm Seon as Sabai H.bme ge nig?” teen nnn 
| Leman #158 a «on <S8L. 

if: 7 ‘eaOLaeDin eotaed we alin yD ony: es «avd ¢ ; 
ah 26 elanink: .qyot: ed jena = cquscteipnatastet i. 


| (eebn) Koepke ob 
Se 
odaupa he gphlO Dart 404 ete SS tla 


er 130. \xbebaedie? ad6dW soles oat Vanpeat 


‘s ; 
.(MhOL) GORGE TR ALOE OR VOR ogee & tk 


bt a" 


Pe 5 pr hhc re Bo Cte: af aan 08 BAK 


; ey a 
cp ui sve elaine ai mama 


a 


otigtatl Les henna tie sobsretiOD eelinn 7 
A bos acbaod =) h te oc api 36 iu 
. eee eaindabi aya 


fate 
ulus. Aer 


prises i a i Ui y N es oe sehcvie dy | Cas 7 ye 
: ae Be eet in A Rs aie Be a as, 


\ ae 
a 


a 


alas 


ee 


— 


——< 


* 


i 


aes 


‘al 
‘ 


h iy mn retest a 
Pop. iam ameltia, Ke 

’ ae 
i De) 


es) 


oy 


at ET, 
oT lite 
ay it: 
lg Hie ay 
DEAN 


i} } Pes 4 
categ, 
. 7 a 


\ 


' 


b 


; 


f a 
hy ry i 7 > 
s a ay 
Teles 1G 
as} a 
Ur, A cen yeaa & 
Os en F { 


vy 
ae 


i. An 1 


